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Hedgehog theorem

Theorem (Poincaré 1885)

There is no non-vanishing vector field on {x2 Ll 7 = 1} C R3.

Vector field = section of the tangent bundle Tg>.
05T > S?xR3L S2xR—0
V((X7}/7Z)a (Vla V2, V3)) = ((Xv}/az)’xvl + yvo + ZV3)

Theorem: There are no cont. functions fi, f, f3 on S? such that
(i) f1, f2, f3 are jointly non-vanishing and (ii) xf; + yf, + zf; = 0.

v

What if we change
@ R to an arbitrary field k? (char k # 2)
o {x>+y?+2%=1} to {g =1} for a quadratic form g?

.
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Algebraic sphere

° S,f — {X2+y2+22:1} C A3,
® R = k[x,y,z]/(x® + y?+ z? — 1) ring of regular functions,
@ Tangent bundle is given by the projective module T
0-T—-RLR—-0
v(vi, va,v3) = (xv1 + yvo + zv3)
Note that v splits via
s(v) = (xv,yv,zv), ws(v)= (x> +y?+2%)v =v,

RR=TaoR-(xy,2).

Do there exist fi, f>, f3 € R such that

(i) Rfi + R+ Rfs = R, (ii) xf + yf + zf3 = 07
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Algebraic sphere (cont.)

Do there exist fi, f, 3 € R = k[x,y,z]/(x* + y? + z° — 1) s.t.
(i) Rfi + Rfy + Rfy = R, (i) xfy + yfo + zf3 = 07

k=R no

k=Cyes: h=—z h=—iz, i=x+1y
k=Qp, p#2yes

k = Q2 7?77 (Umberto Zannier '20)
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Algebraic sphere (cont.)

Do there exist fi, f, 3 € R = k[x,y,z]/(x* + y? + z° — 1) s.t.
(i) Rfi + Rfy + Rfy = R, (i) xfy + yfo + zf3 = 07

k=R no

k=Cyes: f=—z Hh=—iz, =x+1Iy
k=Qp, p#2 yes

k = Q2 7?77 (Umberto Zannier '20)

k = Qy yes (A.-Levine, 23)

general k: yes if and only if x2 + x5 + x3 + xZ = —1 has a
solution in k (A.-Levine, 23)
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Unimodular and completable rows

R commutative ring, u = (u1, Up,...,uy) € R" is
e unimodular if Ru; + Ru + ...+ Ru, = R,
@ completable over R if u may be completed to a basis of R”,
( < Jg € GL,(R) with (u1, uo, ..., up) being the first row).
Easy: completable = unimodular
Example: (x, y, z) is unimodular over k[x, y, z] /(x?> + y? + 2> — 1).

R = k[x,y,z]/(x*> + y? + z? — 1). The following are equivalent:
@ If = (f1,f,f) € T C R® unimodular,
Q@ T = R& L for some L,
Q@ T=R?
Q (x,y,z) is completable.
Proof: 1 2: T=Rf®L; 234 R®=ToR (x,y,2).

= =

v
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Completions of unimodular rows

ix+y —x(ix—i—y)—% z
_ z(x=iy)

X — Iy y(ix+y)+§
M~ =
5 ix —y

<
Il
~
NN
NIN = <
|
<
|
<

z

M= |wy—5z 2wx—wy+8z+3 —bx+by+idwz+w
—6z+4+1 3wx+wy+9z+1 —7x+y+bwz

det M = 5.

Miiller '26 gives an explicit formula for completion starting from
X1, X2, X3, X4 € k satisfying xl2 + x22 + x32 + xf =1
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General setting

© g=aix{ +ax3 + ...+ anr1x2,1, a; € k™, quadratic form,
e Q°:={qg=1} C A" smooth affine quadric,

® R=k[xi,x2,...,xnt+1]/(g — 1) ring of regular functions,

@ Tangent bundle is given by the projective module T

0-T—R"™T LR 0
v(vi,va,. .., Vpr1) = (a1xava + a2x0vo + ... + an+1Xn+1Vnt1)
Note that v splits via s(v) = (x1v, x2v, ..., Xp41V), SO
RMTI=TaoR- (X1, X2, « oy Xnt1)-

Q@ F? unimodular (f1,...,f11) ETCR™? (& TEXRBT')
Q Is (x1,...,Xp11) € R"! completable? (< T = R")

Remark: 1< 2 forn=1,2.
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(Non-)existence of non-vanishing sections

e D(q) C k* set of non-zero values of g,
o D(q)*:={ab|a,be D(q)},
o [D(q)],[D(q)?] < k* subgroups generated by D(q) and D(q)?

Theorem (A.-Levine '23)

Let k be a perfect field of characteristic # 2.
Q@ Ifnisodd, then T R T'.
@ If n>0isevenand T = R@ T’ then — [[} a; € [D(q)?].
©Q Ifn>0iseven, 1 € D(q) and —1 € [D(q)] then T=R® T'.

If 1 € D(q) then [D(q)2] = [D(q)] and
I a e [D(a & —1 € D))
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Odd n

o R = k[x1,x]/(a1x? + axx3 — 1)
o T = {(Vl, V2) € R? | aixivi + axxovp = 0} - R?

o (axx2,—aix1) € T is unimodular

A
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o R = k[x1,x]/(a1x? + axx3 — 1)
o T = {(Vl, V2) € R? ’ aixivi + axxovp = 0} - R?

o (axx2,—aix1) € T is unimodular

o R=klxi,x2,...,x0m]/(a1x? + axx3 + ... + axmxa,, — 1)
OT:{(Vl,...,VQm) R2m’zllaX/VI—O}QR2m
o (axxo, —a1x1, asxa, —azx3, ..., amX2m, —@2m—1X2m—1) € T

is unimodular
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Pfister neighbors

Pfister neighbor

@ (a1,a2,...,an) =Y. 4 a,-x,-2

e ((aj,ap,...,an)) = ®,{V:1<1, —aj) is an N-fold Pfister form
Example: (1, —a, —b, ab) = x*> — ay? — bz? + abt?.

@ q is a Pfister neighbor if 3a € k* such that (a) - g is a

subform of an N-fold Pfister form with 2V=1 < dim g

Example: <a;1><31’32»a3> C (1, z%’ ?f» a§§3> = <<_§%7_3%>>

Example: Y271 x? C (1,1)®N, where 2N-1 < n 41 <2V

.

If g is a Pfister neighbor of ¢ then [D(q)?] = D(¢).
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Combing hedgehogs in higher dimension

g=>"1x2 n>1. Denote N = [log,(n+1)] + 1.
Then T =2 R T’ if and only if one of the following holds:

Q nis odd,
@ nis even and 2,211 y? = —1 has a solution in k.

2)1eD(q) hence T R® T < —1 € [D(q)] = D(¢) for the
Pfister form ¢ := 2,211 y2. Ol

Min. N such that vazl y? = —1 has a solution in k is Stufe s(k).
It is always a power of 2 or infinite. s(R) = oo, s(C) =1,
s(Qp) =1for p=4m+1, s(Qp) =2 for p=4m+ 3, s(Q2) = 4.

Alexey Ananyevskiy Combing hedgehogs over a field



Combing hedgehogs in dim 2

Theorem (A.-Fasel '26)
Let g = a;x? + apy? + a3z € k[x, y, z] and denote

a:= —apas, b:= —aja3, A := —ajaas, R := k[x,y,z]/(g — 1).
Then the following are equivalent:

@ A€ [D(q)%],

@ x¢ — ax? — bx? + abx? = A has a solution over k,

© the row (x,y, z) is completable over R,

Q T=R?

Q@ T2ROL.

1 < 2 Pfister neighbor; 3 < 4 < 5 as above; 5 = 1 theorem with
Levine; 2 = 3 explicit construction (used Al). O
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Examples in dimension 2

qg=—x>+ay?+az?, R=k[x,y,z]/(1 + x? — ay? — az?)

Scaling followed by an elementary transformation
(x,y,2) = (2x + ay? + az%,y,2) = ((x + 1), , 2).
The row (x + 1,y, z) is unimodular with
1 1 1
5(1—X)-(x—|—1)+§ay-y+§az-z:1,
thus ((x +1)2,y, z) may be completed (Swan-Towber '75) as
(x + 1) y z
—y—a(x+1)z # 72_2)(4_32)’2
O2x—2— 2 2.,2
—z+a(x+1)y ==& &
Transforming back we obtain
X y z
_ 2y+a(x+3)z 2222 2—2x—a’yz
4 4 Z
—2z+a(x+3)y  2x—2—a’yz a%y?
4 4 4

= = = = =
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Examples in dimension 2 (cont.)

q = ax? + by? — abz?, R = k[x,y,z]/(1 — ax®> — by? + abz?)

Consider the quaternion algebra H := (a, b)x and denote
HY(R):=Ri @R ®Rij C R®H, p:=xi+yj+ zijecH(R).
Then decomposition R® = T @ R(x, y, z) becomes

HO(R) = T @ Rp, T:=(Rp): ={hecHR)|tr(ph) =0}
We have p> =1 and pT = T hence

1 1-—
T=T,® T, T+::—J2FPT, T i=— iy
and T, = TV. Consider the elements
14+p,. 14+p,.
& = 5 Pli—axp), e := — U = byp),
_ 1—0p,. _ 1—p,.
& = (i—axp), e = T(j — byp).

One can find a basis for T as u:= e/ + A\1e] + p1e;,
V= e;r + Aoe; + poe;, with Ay = o = abz, py = 2a, \» = —2b.

= = = =
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Completing in higher dimension |

Theorem (Revoy '79)

If q is isotropic (i.e. ¢ =0 has a nontrivial solution) then T = R".

Change coordinates so that g = x1x + 27231 b,-x,-z, and then an
explicit sparse matrix over R = k[x1,...,xs+1]/(g — 1).
E.g. for n =2 the row v := (—2b3x3,0, x2) is unimodular and
veT={(vi,v,v3) € R¥|xovi + x1va + 2b3xgvs = 0} C R.
L]

v
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Witt indices

e Witt index i(q) is the dimension of a maximal totally isotropic
subspace of g.

o First Witt index i1(q) of an anisotropic g is the minimal
positive Witt index i(qgg) as field extension F/k varies.

@ g an anisotropic Pfister form, dim g = 2", then iy(q) = 2V-1.

@ More generally, if g is an anisotropic Pfister neighbor with
dimg=2N"14+m, 1 <m< 2V then i1(q) = m.
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Completing in higher dimension Il

Theorem (A.-Fasel '26)

Let g= """ aix?, R=k[xi,...,xo1]/(g—1) and § = —x3 + q.
Suppose § is anisotropic and i1(g) > 2.

Then every rank n stably trivial projective module over R is trivial.
In particular, T = R".

Q:={G=0}CP™, @®=Qn{x=0}, @ :=Q\Q%=SpecR
By the assumption Q° is stably birational to @, so H"(Q°,A) =0
for every strictly Al-invariant sheaf, all the obstructions vanish. [

q = ax? + by? — abz? anisotropic, § = —((a, b)) has i1(§) = 2.
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Topology

Definition

@ X a smooth manifold, E a vector bundle over X,
@ suppose X connected, compact and orientable, E orientable,
@ suppose dim X = rank E = n.
Euler class: e™P(E) € H"(X,Z) = Ho(X,Z).
eP(E) =[o(X)Ns(X)| = > %[x] € Ho(X,Z),
x€sp(X)Ns(X)
where sp: X — E zero section and s: X — E general section.

E > 1x & E' if and only if e™P(E) = 0.

Theorem (GauB-Bonnet formula)

etoP(Tx) = X(X) el = Ho(X,Z).
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Chow-Witt zero cycles
Grothendieck-Witt ring of a field F

GW(F) := (P Z8])/ ([1 L ¢2] — [d1] — [$2]) 4, 6
¢

¢, $1, and ¢, are nondegenerate quadratic forms over F, [¢] is the

isometry class of ¢.
v

Chow-Witt zero cycles (Barge-Morel '00)

X a smooth variety over k; Xg, X1 points of dimension 0 and 1.

CHo(X) = Coker | @D K¥W(k(y)) & @ GW(k(x))
yeXy xEXo
If k is alg. closed then

CHo(X) = CHo(X) = Coker | €D k(»)* % €D z
yeEX1 x€Xo

™ = = -
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Motivic Euler class

@ X a smooth variety, E a vector bundle over X,
@ suppose det E = wy and dim X = rank E.
Euler class: e™*(E) € CHg(X).
e™ (E) =[s0(X)Ns(X)] = > (A) € CHy(X),
x€Esp(X)Ns(X)
so: X — E zero section and s: X — E section transversal to sp.

Theorem (Morel '12, Asok-Fasel '16, Asok-Hoyois-Wendt '17)

Let X, E be as above and assume X is affine. -
Then E = Ox @ E' if and only if e™*(E) = 0 in CHo(X).

Problem: CHo(Q®) is hard to compute for Q° = Spec R a smooth
affine quadric.
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Idea of the proof of A.-Levine theorem

n+1 . B .
q = Zf:l a,'X’-27 q .= —Xg + q, Q = {q — O} g P ~|>].7
Q°=QN{x=0}={g=0} CP", Q°:=Q\ Q™ =SpecR

There is a commutative diagram with an exact row

CHo(Q*) —~—> CHy(Q) —> CHo(Q°) — =0

GW(k)
ps°, ps« are induced by Scharlau transfers GW (k(x)) — GW(k):

trace

[0: VXV = k(x)]—[p: VxV = k(x) — k]
with V' viewed as a vector space over k(x) on the left and over k
on the right.
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|dea of the proof of A.-Levine theorem (cont.)

CHo(Q*) —~> CHy(Q) —> CHo(Q°) —= 0

GW(k)

° j*(e™(Tq)) = ™ (Tqe)

o p.(em*(Tq)) = 5(L,—1) + (2,2][7%} ai) (n even)
(motivic GauB-Bonnet, Levine-Raksit '20)

o Lemma: (a, b) € p°(CHo(Q>)) if and only if —ab € [D(q)?]
This yields the necessary condition

e If 1 € D(q) then Q is rational and p, is an isomorphism
(stable birational invariance)
This yields the sufficient condition
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Results and questions

n+1
quf:l aiXi27 R:k[Xlu"'7Xn+1]/(q_1) J

Theorem (A.-Levine '23)

O Ifnisodd, then TR T'.
@ If n>0isevenand T = R@ T’ then — [[} a; € [D(q)?].
@ Ifn>0iseven, 1€ D(q) and —1 € [D(q)] then T=ZR® T".

Theorem (A.-Fasel '26)

Let g = —xg + g and suppose G is anisotropic and i1(§) > 2.
Then every rank n stably trivial projective module over R is trivial.
In particular, T = R".

o For n>4is — [["} a; € [D(g)?] sufficient for T = R® T'?

@ Explicit formulas in higher dimension.

™ = = -
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Thank you!
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